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1. Introduction 

Skyrme originally suggested that baryons are solitons in the non-linear chiral la- 
grangian used to describe the self-interactions of the Goldstone pions The solitons 
of the chiral lagrangian have the correct quantum numbers to be the baryons provided 
one includes the Wess-Zumino term [Q. The model of QCD baryons as solitons can be 
used to compute many of their properties . The soliton model was originally considered 
in Ref. for the case of two light flavours, but can be generalised to three light flavours 
in two different ways. The first method is to treat the s quark as light, and consider the 
solitons of the SU{3)l x SU{3)r chiral lagrangian 00. The second method is to treat 
the strange quark as heavy, and consider baryons containing a s quark as soliton-X meson 
bound states |^, where the solitons are those of an SU{2)l x SU{2)fi chiral lagrangian. 
Heavy quarks such as the c and b quarks have masses which are not small compared with 
the scale of chiral symmetry breaking. Thus baryons containing a heavy quark can only 
be treated by the second method, as bound states of solitons with heavy D and B mesons 
IP] [0 . Callan and Klebanov considered a theory with an SU (2) l x SU (2)ij chiral lagrangian 
as well as K mesons by expanding an SU{3)l x SU{3)r chiral lagrangian, so that the K 
meson couplings to the pions were determined by chiral SU (3) l x SU {3)r symmetry. They 
also neglected the K* meson because it is much heavier than the K meson. While these 
approximations are reasonable for the s quark, they are not valid for the c and b quarks. 
A better starting point for heavy quarks is to expand about the limit uiq — oo. In this 
limit, the pseudoscalar and vector mesons, such as the D and D* (or B and B*) are de- 
generate, and must both be included in the chiral lagrangian as matter fields. In addition, 
the couplings of the heavy mesons are no longer related to the pion couplings by chiral 
symmetry transformations involving the heavy quark. The analysis of baryons containing 
a heavy quark in Ref. [H was done without including D* and B* mesons, and hence does 
not respect the heavy quark symmetries. 

We first review the formalism for heavy-meson-soliton bound states of Ref. 0] that 
is necessary for the computations discussed in this paper. We then compute the spectrum 
of baryons containing a heavy quark in the case of two light flavours, using the soliton 
solution of the SU{2)l x SU{2)fi chiral lagrangian. In Sec. 4, the Ec — Ac mass difference 
is computed in terms of the A — mass difference. The result agrees well with experiment. 
In Sec. 5, we discuss the quantum number K which can be used to label the soliton-heavy- 
meson bound states. The energies of the bound states depend only on K in the large Nc 
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limit, which explains the degeneracy of the spectrum computed in Sec. 3. In Sec. 6, 
we compute the pion-baryon coupling constants in terms of the D-meson-pion coupling 
constant and qa, the axial vector coupling of the nucleon. In Sec. 7, we generalise the 
results of the previous sections to the SU{3) case. 



2. The Formalism for Studying Soliton-Meson Bound States 

The basic formalism for studying properties of baryons containing a heavy quark in 
the soliton framework was described in detail in 0. In the limit uiq —* oo, QCD has 
a heavy quark spin-flavour symmetry that determines many of the properties of hadrons 
containing a heavy quark [|T^[jll|. In the heavy quark limit, the total angular momentum 



of the light degrees of freedom (light quarks and gluons) Si is conserved, where 

Se = S-SQ, (2.1) 

S is the total spin, and Sq is the spin of the heavy quark. The lowest lying mesons 
containing a heavy quark with Qq^ {qi = u, q2 = d, qs = s) flavour quantum numbers 
have S£, the eigenvalue of 5*1 = s^(s£ + 1) equal to 1/2, and come in a degenerate doublet 
containing a spin zero pseudoscalar and a spin one vector. For Q = c, these are the D and 
D* mesons. The heavy meson fleld for the ground state Qq^ mesons is written as a 4 x 4 
bispinor matrix. 

Ha = [P:,r - Pal5] , (2.2) 

where f ^ is the heavy quark four- velocity, f ^ = 1. The fields Pa and P*^ destroy the heavy 
pseudoscalar and vector particles that comprise the ground state S£ = 1/2 doublet, and 
satisfy the constraint Pa^v^ = 0. The transformation rule for the H field under SU{2)q 
heavy quark spin symmetry is 

Ha ^ SHa, (2.3) 
where S G SU{2)q, and the transformation rule under chiral S'C/(3)l x SU{'i)R is 

Ha^{HR^)^, (2.4) 

where we will use the primed basis for the H fields defined in Ref. . It is also convenient 
to define 

H" = I'Hh' = [p:IY + Ph,] (2.5) 



The Goldstone boson fields have the SU{3)l x SU{3)ii transformation law 



E(x) L E{x) R\ 



(2.6) 



The S field can be written in terms of the pion fields as 



(2.7) 



where M is the Goldstone-boson matrix 
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and the pion decay constant / ~ 132 MeV. The transformation rules under parity are 



and 



E(a;°,f) ^ E^(a;°,-f). 



(2.9) 



(2.10) 



The chiral lagrangian density for heavy-meson-pion interactions is [|T2[ [jl4 



C = -iTrHv^d''H+-TrHHv''{E^d^E) 
+ |Tr:ffif7V(S^9.^S) + ..., 



(2.11) 



where the ellipsis denotes terms with more derivatives and the trace is over spinor and 
flavour indices. Eq. (|2.11| ) is the most general lagrangian density invariant under chiral 
SU{3)l X SU{3)ii, heavy quark spin symmetry and parity. It is easy to generalise this 
lagrangian density to include explicit SU{3)l x SU{3)ii symmetry breaking from u, d, 
and s quark masses and explicit SU{2)q symmetry breaking from Kqcd/tt^q effects. The 
coupling g determines the D* Dn decay width, 



r{D*+ ^ D\+) = — ^\p^\^ . (2.12) 
The present experimental limit [0, r(D*+ D^n'^) < 72 keV, implies that g"^ < 0.4. 



3. Masses of Baryons containing a Heavy Quark: The SU{2) Case 

The masses of baryons containing a heavy quark are computed in this section for the 
case of two light flavours. The algebra is considerably simpler than for the SU{3) case, 
which is studied in Sec. 7. We will use the flelds and interaction lagrangian of the previous 
section, with the light quark index restricted to the values 1,2. 

The soliton solution of the SU{2)l x SU{2)b. chiral lagrangian is 

E = AEoA-\ (3.1) 

where 

Eo =exp[zF(|f|) x-f], (3.2) 

and A G SU{2) is the collective coordinate associated with isospin transformations of the 
soliton solution Eq. The radial shape function F{r) satisfles F{0) = —tc and F{oo) = 
for a soliton with baryon number one.0 The soliton shape F{r) depends on the details 
of higher derivative terms in the chiral lagrangian. In the quantum theory, baryons have 
wavefunctions that are functions of the matrix A G SU{2). The wavefunctions are 

i^Ran.{A) = (-l)«+-v/dhir^ D*J-l{A), (3.3) 

for a state with isospin I = R, = a, J = R, and J3 = m. The matrices D'^^^ are 
the representation matrices for SU{2), and we have normalised the measure on the SU{2) 
group so that 

/ dA=l. (3.4) 

JSU{2) 

In QCD, the only soliton states in the theory are those with 2/ = 2J = odd. 

In the large A''^ limit, the soliton is very heavy, and the semiclassical approximation 
is valid. In this limit, time derivatives can be neglected to leading order, so that the 
interaction hamiltonian is 

Hi = -^- j (fx Tr M7^75[EtajE] + . . . , (3.5) 

^ The baryon number current in Ref. Q should have the opposite sign, which changes the sign 
of -F(O) for a baryon relative to that used in [Q. 
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with S given by Eq. ( |3.1|) . In the hmit that the H field is very heavy, the interaction 
energy is determined by the value of Eq. (|3.5|) with the H field at the origin . Using the 
expansion 

F(r) = F(0) + rF'(O) + . . . = -tt + rF'(O) + . . . , (3.6) 

in Eq. (|3.2|) gives 

Eo = -1-zf-x F'(0) + ..., (3.7) 
so that the interaction hamiltonian is 



gF'iO) 



j (fx TrM7^75r'= TiAt^A'^t^. 
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The isospin operator on the H field is 



I^hH = -ify , (3.9) 



and the spin operator of the light degrees of freedom acting on H is 

S^hH = -H^. (3.10) 
Thus the interaction hamiltonian of Eq. (|3.8|) can be written in the form 

Hi = gF'iO) Sfj, Tr Ar^'A-V^ (3.11) 

using the fact that H'y^'y^ = —Ha^ in the rest frame of the H field, and noting that 
— TyHH creates H particles with probability +1. The interaction hamiltonian gives a 
binding energy which is of order A*"^. The total energy of the bound state is the interaction 
energy plus the mass of soliton (which is of order Nc) and the mass of the D meson (which 
is of order A^^)- Note that the interaction hamiltonian also produces a distortion in the 
shape function F in the presence of an H particle.i However, this is an effect of order 
1/Nc, since the coupling constant g is of order one, whereas the terms in the lagrangian 
with no H field are of order Nc. 

The problem of determining the energy of heavy- meson-soliton bound states is reduced 



to the problem of determining the spectrum of the interaction hamiltonian Eq. ( 3.11 ). The 



This was also noted by J. Hughes. 
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spectrum will respect the heavy quark symmetry, since Sq commutes with Hj . In Ref . ||^ , 
the soliton states were restricted to the nucleon subspace. In this case, the operator 
Tr At^ A~^T^ can be replaced by —8/^ '^j-s/'^^ where !■£ and Sgj: are the isospin and spin 
of the light degrees of freedom operators acting on the soliton state . The spin operator 
in the soliton sector is the same as the operator for the spin of the light degrees of freedom 
in the soliton sector, since the soliton does not contain any heavy quarks. Thus, in this 
case we find that 



Hi 



3 
3 

2gF'{0) 



jk Qj jk nj 
J- u J eu -ly Jo 



il) {St 



q2 



(.2 



(3.12) 



3/4) {Sj - 3/4) 



using I = Iy, + Ih, and Sg = Sij: + Sgn- This is the result given in [^. 

In the large Nc limit, all the collective excitations of the soliton are degenerate, and one 
cannot restrict the soliton states to the nucleon subspace. The interaction hamiltonian will 
mix different isospin excitations of the soliton. Since the interaction hamiltonian Eq. ( |3.11j ) 
involves only the light degrees of freedom of the H field, it is convenient to treat the H 
field as having S£ = 1/2, and combine the spin of the heavy quark with the spin of the light 
degrees of freedom at the end of the calculation. The interaction hamiltonian commutes 
with total isospin and total spin, so it is useful to combine soliton states with the light 
degrees of freedom in H into states which are eigenstates of / and Sg, 



\Ia sim;R Ih sm) = \Rbn) \Ihc sm p} 



R 
b 



Ih 

c 



R 

n 



S£H 

p 



Si 

m 



(3.13) 



where \Rbn) denotes a soliton with I = sg = R, I3 = b, sgs = n, and \Ih c Sihp} denotes 
the light degrees of freedom of H with I = Ih, I3 = c, Sg = S£h and sis = p. We only 
need to consider the case where Ih = sih = 1/2. The soliton wavefunctions for the states 
\Ram) are given explicitly in Eq. ( |3.3| ). Throughout this paper, soliton states will be 
denoted by | ) , the light degrees of freedom of the heavy meson field H will be denoted by 
I }, and the bound state of the two will be denoted by | ). 

We can now compute the matrix elements of ( p.ll|) between the states given in 

Eq. p:tbd , 

{I' a s[m'; R' Ih sgH\ Hi \I a sim; R Ih sih) = 9F\0) 



X 



R 
b 



Ih 

c 



R 

n 



SgH 

P 



sg 
m 



R' 
b' 



Ih 

d 



r 

a' 



R' 

n' 



S£H 
p' 



m 



(3.14) 



X {R'b'n'\TrAT^A-^T''\Rbn) {Ihc smp'l Ih S^h \Ihcsihp}- 
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The matrix elements in the H sector are the matrix elements of the generators of SU{2) 
in the given irreducible representation, 



k{lH) rpjisen) 



(3.15) 



where T^i^) is the generator in the irreducible representation R. The generators can be 
written in terms of Clebsch-Gordan coefficients using the Wigner-Eckart theorem, 



R 
b 



(3.16) 



The matrix elements in the soliton sector can be evaluated in terms of the representation 
matrices of the adjoint representation using the identity 



(3.17) 



The product of two representation matrices can be written in terms of a single represen- 
tation matrix, 



(S), 



R S 
a c 



T 

e 



R S 
b d 



(3.18) 



and the integral over the SU{2) group of the product of three D matrices can be evaluated 



->bd- 



by using Eq. ( 3.18 ) and the orthogonality relation 

/ Di^\A)Di'>iA) = -l-SnsSac5, 
Jsu{2) dim it 

The soliton matrix element needed for Eq. (3.14|) is then 

{R'b' n'\TYAT^A-^T^ \Rbn) = 2 (_i)«+^+-R'+"Vdimi? dimi?' 

X / Di^-UA)Dl[^JiA)Di'^iA) 

JSU(2) 



(3.19) 



(3.20) 





1 






k 


^0 



R 1 

-n j 



R' 



-n 



using the fact that the adjoint representation is real. The matrix element of the interaction 
hamiltonian has thus been evaluated in terms of sums of products of eight Clebsch-Gordan 
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iR 


1 
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R' 


\Ih 


/ 






Si 


SlH 



coefficients by combining Eqs. ( 3.14|) - (|3.20| ). Tliese can be evaluated explicitly in terms of 
6j-symbols to give 

(/' a s'n m'; R! Ih S(,h \ Hi \I cl S£ m; R Ih sen) = 

_2gP'(^Q"j(^ — iy+^H+se+siH+'2R 

X A/dim i? dim i?' dim Ih dims^n Ih{Ih + 'i-)seH{s£H + 1) (3-21) 

The interaction hamiltonian is diagonal in isospin and in the spin of the light degrees of 
freedom. 

It is now straightforward to determine the energies of the lightest heavy quark baryon 
states. The light degrees of freedom have the spin and flavour quantum numbers of an 
antiquark {Ih = 1/2, S£h = 1/2), and will be denoted by q. Since Ih and S£h in Eq- ( |3.21j ) 
are both fixed to be 1/2 and the hamiltonian is diagonal in a and m, we will drop those 
labels from now on, and denote the states \I a S£m;R Ih = 1/2 sih = 1/2) by |/ Si;R). 
States which are linear combinations of \I sf, R) for different values of R will be denoted 
by |/ Si)). The nucleon has / = 1/2, = 1/2 so the N states have / = 0, 1 and 
S£ = 0,1. Similarly, the A^q states have / = 1, 2 and si = 1,2, etc. The interaction 
hamiltonian mixes the / = 1, = 1 states in the nucleon and delta sectors, but the other 
states in the Nq sector do not mix with any other soliton-g states. The energies of the 
|0 0; i), |l 0; i), and |0 1; i) states are obtained from (lOl] ) as -3gF'{0)/2, gF'{0)/2 and 
gF' {0)/2 respectively, which are the binding energies given in Ref. 0. In the / = 1, = 1 
channel, we have the interaction hamiltonian in the |l 1;|) |l l;f) basis 

In Ref. 0, the A states were omitted, so that the energy of the |1 1) state was the 11 
matrix element in Eq. ( |3.22[ ), —gF'{0)/6. In the large A''^ limit, where the and A are 



degenerate, we have two |1 1) states which are the eigenstates of Hj in Eq. ( p.22|) , 

|ii))o = v^ |ii;^> + A/i |ii;i>^ ^323) 
|ii))i = yi |ii;i>-v^ |ii;i>' 

with energies —3gF' (0)/2 and gF'{0)/2 respectively. The choice of subscripts for the |1 1)) 
states will be explained in Sec. 5. In the large Nc limit, we see that the states |0 0; |) 



and |1 1))q are degenerate. The state |0 0; |) when combined with the heavy quark is 
the spin-1/2 baryon, and the state |1 1))q when combined with the the heavy quark 
is the degenerate multiplet of the spin-1/2 Ec and the spin-3/2 E*. We see that in the 
large Nc hmit, the Ac and Ec are degenerate. The Ec — Ac mass sphtting is studied 
in the next section. We have also found that the |0 1;|), |lO;i) and |1 1))^^ states are 
degenerate. These are exotic baryons with no quark model analogues; it is reassuring to see 
that, for positive g, they are unbound. One can use Eq. ( |3.21j ) to compute the interaction 
hamiltonian in the different /, se sectors. All states in the spectrum have an energy of 
either —3gF' {0)/2 or gF' {0)/2. The reason for this degeneracy will be explained in Sec. 5. 



4. The Ec - Ac Mass Splitting 

The Ec and Ac are degenerate at leading order in 1/A^c, but at subleading order there 
are two terms which break the degeneracy. The first is the rotational kinetic energy of the 
soliton which splits the nucleon-delta degeneracy. This term has a coefficient of order Nc 
in the lagrangian, and has two time derivatives. Since each time derivative brings a factor 
of 1/A^c suppression, this term produces an energy splitting of order l/Nc- The degeneracy 
is also broken by the second term in Eq. ( p.ll|) . Its coefficient is of order A^^ and it has 
one time derivative, so it too produces an energy splitting of order l/N^- However, for the 
SU{2) soliton 

EtAs 
dt 

vanishes at the origin where the H particle is bound. Thus to leading order in the derivative 
expansion the interaction term can be neglected, and only the A^ — A splitting contributes. 
The interaction hamiltonian in the |ll;i),|ll;|) sector can be written as 

^[4V2 5 ) + [o AM J' ^^-^^ 

where AM is the A — A^ mass difference. 

We will determine the energies of the lowest heavy quark baryons using the experi- 
mental value for the A — A^ mass difference and adjusting the unknown value of gF'{0) to 
fit the observed value of the Ac mass, 

mA, = 2285 MeV = ruN + mn - 3gF'{0)/2, (4.2) 
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which imphes gF'{0) = 419 MeV using the weighted average for the D — D* multiplet 
of m// = (3D* + D)/4: = 1975 MeV. Thus we find that the energies of the |l 0; i) and 
|0 1; I) states are 3124 MeV. These states are exotic states, and the sohton model predicts 
that they are unbound. The eigenvalues of (^]l|) ^^^^ order in AM, 



(4.3) 



3gF'{0) 2^,^ 
E_ = — - — — + -AM 
2 3 

= «£m + iAM. 

+ 23 

Thus one of the |1 1)) states is unbound, and we have the relation! 

2 

WiE, - TOA, = 3 AM, (4.4) 

where we have defined rrij:^ as the — E* multiplet average mass (2ms* + ^Ec)/3- This 
gives the parameter free prediction 

= 2480 MeV. (4.5) 

The E* mass has not been measured, but the experimental value of the Ec mass is 
2453 MeV, so this agrees well with experiment. 

We have computed the energies of baryons containing a heavy quark by expanding the 
effective action in derivatives. In the semiclassical expansion, time derivatives are consid- 
ered to be small, but space derivatives are not necessarily small. Terms in the interaction 
hamiltonian with no time derivatives but an arbitrary number of space derivatives can 
produce only two kinds of interaction terms, which can be written in the form 

Hi = VoiF) + Vi{F) Tr At^A-^t'^ 4 5^'^, (4.6) 

where Vq and Vi are functionals of the soliton shape function F and are of order A^^. The 
leading contribution to Vi is first order in derivatives, Vi = gF'{0), as we determined in 
Eq. ( p.ll|) . The leading contribution to Vq is second order in space derivatives, e.g. from 
a term of the form TtHH Tr9'^E9^E^. Terms with one time derivative and two H fields 
are of order 1/Nc, and can be written in the form 

Hj = V2{F) 4 II (4.7) 



^ This result is true in the constituent quark model, and was also obtained in the Skyrme 
model in Ref. Q. However, Callan and Klebanov found a S* — Sc mass difference in the heavy 
quark limit because they did not include D* mesons. 
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where V2 is of order l/N^- The leading term with one time derivative and no space 
derivatives from Eq. vanishes, so V2{F) starts at second order in space derivatives. 

Terms with two time derivatives and no H fields have the form 

where the functional 1/2 A is the moment of inertia of the soliton, starts off at zero space 
derivatives, and is of order Nc- The value of A can be chosen to fit the observed — A 
mass difference. That leaves three parameters Vb, Vi and V2 to fit the observed Ac and 
Ec masses, so there is no predictive power. If we assume that we also have a systematic 
expansion in space derivatives, then we can neglect Vq and V2 relative to Vi, and we 
get the predictions discussed in the preceding paragraph. Finally, one can use the value 
Vi = gF'{0) combined with the slope of the shape function -F'(O) ~ 700 MeV used in 
Ref. 1^ to get ~ 0.36 compared with the experimental limit < 0.4. 

5. Masses in the Large Nc Limit: The Quantum Number K 

In the previous section, we noticed that the |0 0; ^) and |1 1))q states were degenerate, 
as were the |l 0; |), |0 1; ^) and |1 1))^^ states. We will derive this result by a different 
method, which is useful in generalising the results to SU{3). The interaction hamiltonian 
we consider has the form 

Hi = Vi{F) TtAt^A-'t^ (5.1) 

with Vi an arbitrary functional of F. In the previous section, we diagonalised this hamil- 
tonian by considering states |/ se;R) which were eigenstates of total isospin and total 
light-spin built from products of soliton and q states. In this section, we consider instead 
the states 

|Eo)|am} (5.2) 

which are the tensor product of a soliton with A = li and a q state with — a and 
•5^3 = m. Acting on this state with Hi gives 

Hi |Eo) \am} = Vi (2 Ih ■ Sih) |So) \am} . (5.3) 
i.e. the wave function of the collective coordinate is ip{A) = S{A = 1) 
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It is convenient to define K = I + Si, and use q states which are representations of kM 
Since q has Ih = ^/'^ and sen = 1/2, we have states with K = 0,1, which will be labeled 
\K k}. This allows us to diagonalise the interaction hamiltonian, 

Hj |Eo) \Kk} = Vi (2 Ih ■ Sen) \^o) \K k} = {K^ - ijj - SJh) |So) \K k] . (5.4) 

We see that the states with K = 1 have energy Vi/2 and that states with K = have 
energy —3Vi/2, which are precisely the allowed energies found in the previous section. We 
can then find states with definite values of total isospin and light-spin by applying isospin 
and light-spin projection operators to |Eo) \K k} 0, 

\Ia Sim;Kkbm) ocP^,{I) P^^ (Se) |Eo) \K k} (5.5) 

where the SU{2) projection operators are defined by 

Pl{X)=l dg Dli^'^g) tJxig), (5.6) 

JsUi2) 

where Uxig) is the group transformation operator with generator X . The isospin projector 
Uj is the exponential of the isospin generators, and the spin projector Us^ is the exponential 
of the spin generators of the light degrees of freedom. We will also need Lfx which is the 
exponential of K = I + Si. The analysis of the allowed states is now a generalisation of 
the results of 0. The soliton |Eo) is invariant under the action of / + Si, which places 
constraints on which states can be projected out in Eq. (|5.5|) because of the identity 

Ui{g) UsAh) |So) = Uiigh-') l^o) ■ (5.7) 



^ Many of the Skyrme model predictions follow from invariance of |So) under K. This in- 
variance was used in Ref. Q to show that the quark model and Skyrme model are equivalent 
in the large Nc limit. It has also been used to obtain relations between pion-nucleon scattering 
amplitudes |16]. K is equal to / + 5^ only for solitons |So) which have A = 1. For the generic 
soliton configuration |ASoA^^) with collective coordinate A, K is equal to TZ{A) ITZ^A^^) + Si 
where 'R'{A) is an isospin rotation by A. Terms in the chiral lagrangian with no time derivative 
are invariant under K. 
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The isospin operator can be written as the product of the isospin operators on the sohton 
and q, and similarly for the spin operators, so that 

\Ia s,m;Kkhn) = [ dg Dli^'^g) [ dh D*±^\h) 

JSU(2) JSU(2) 



'SU{2) JSU{2) 

X Ui{g) UsAh) |So) Ui{g) Us,{h) \K k} 
dgDli^'Hg) I dhD±^\h) 

SU{2) JSU{2) 

xtjj{gh-^)\L^) Ui{g) Us.WlKk}, 



using Eq. (|5.7|) . Replacing the dummy group element g by gh, and using the group property 
of the representation matrices and the U operators, we get 



dg 

SU{2) JSU{2) 



dh Dli^Hg) Df'\h) D±^\h) 



(5.9) 



\I a Sim; K kbn) ■ 

x[/,((7)|Eo) Ui{g)Ui{h)UsAh)\Kk]. 

We also have the identity 

Ui{h)UsAh) \Kk] = UK{h) \Kk} = \Kk'}Dlf^\h), 



since K = I + Si, and \K k} is an irreducible representation under K. Thus Eq. ( |5.9D can 
be simplified to 

dg [ dh Dli^^ (g) ) (h) D^f,^ (h) D±^^ (h) 

SU{2) JSU{2) 



\Ia sm-Kkhn) = [ dg I t^*{R)(^\ n*(«)^M n(-^ 

JSU{2) J 

xtjj{g)\Lo) Ui{g)\Kk'} 



1 



I Si 

dimi^T \ c m 



K\( I si 
k' [ b n 



K 

k 



(5.10) 



dg D:f\g) 



SU{2) 



xUi{g)\Eo)Ui{9) \Kk'}. 



Multiplying both sides of the equation by 



b n 



K 



we find 



|/ a m))^ = A ^ ^ \I a SiUi; K kbn) 

dgD<'\g) Ui{g)\T.Q)Uj{g)\Kk} 



SU{2) 



I St 

c m 



K 

k 



(5.11) 
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which defines the state \I a m))^. A is a normahsation constant which has been inserted 
so that the state has unit norm. To determine A, consider the overlap 



K'iil'a' s',m' \Ia sem))^ = A'A / dg [ dg' D^JJ^g) D%\g 

JSU{2) JSU{2) 



X (Eol Ui{g')-^Ui{g) |Eo) {K' k'\ Ui{g')-^Ui{g) \K k} 



(5.12) 



X 





Si 




fr s/ 




m 




y c' m' 



K' 

k' 



The orthogonahty of sohton states with different rotations reduces the double integral to 
a single integral, 



K'{{I' a' s/m' \Ia Sim))j^ = A'A / dg Dl[^\g) D*Jl,\g) 

Jsu(2) 

I S£ 



c m 



K 

k 



SU(2) 

r s/ 

c' m' 



K' 



A'A 
dim/ 

A'A dimK 



Sir Saa' Sec' SxK'Skk' 

Sir Saa' Sspse' Smm' ^KK' 



I 


Si 




fr si' 


c 


m 


■t) 


\ c' m' 



K' 

k' 



(5.13) 



dim / dims^ 

so that the normalisation factor A for |/ s^))^ is 



A 



dim / dim si 
dimX 



(5.14) 



The only states that one can construct are those for which the Clebsch-Gordan coeffi- 
cient in Eq. ( |5.11| ) does not vanish, K d I ® s^, and have 21 = even. The fermionic nature 
of q changes the quantisation condition from 21 = odd for the soliton to 21 = even for the 
soliton-^ composite state. The subscript on the states |1 1)) in Eq. (|3.23|) is the value of 
K. For i^T = 0, we have an infinite tower of states with / = = 0, 1, 2, . . . with energy 
—3Vi/2. For K = 1, we have three degenerate infinite towers, / = + 1 = 1, 2, 3, . . ., 
si = I + 1 = 1, 2, 3, . . ., and / = S£ = 1, 2, 3 . . . with energy gVi/2. The states |l 0; |) 
and |0 1; ^) and |1 1))^^ of the previous section are from the K = 1 series, and the states 
|0 0;i) and |1 l))^ are from the K = series. The usual quantisation condition for the 
soliton [i.e. without any heavy mesons) is a special case of the above construction. We 
can recover the results by omitting the q quantum numbers, so that K = 0, and 21 = odd. 
This gives the usual tower I = sg = 1/2, 3/2, 5/2, . . .. 
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6. Pion-Baryon Coupling Constants 

The soliton model can also be used to determine the pion coupling constants of the 
baryons in terms of the pion coupling constant of the heavy meson, g. These can be evalu- 
ated using the matrix element of the axial vector current in the soliton heavy meson bound 
state. We will evaluate the matrix element of the axial current j^^ at zero momentum 
transfer, with = 3 and A = +. There are two independent coupling constants that 
determine all the pion couplings. We will follow the notation of Cho who denoted the 



couplings by (72 and (73. [gi as defined by Cho is equal to the meson pion coupling constant 
g used in this paper.) To determine (72 and (73 we need to compute two independent matrix 
elements of j'^^ . This axial current can be written in terms of baryon fields as 

= -^92 S:++a3E+ - i=^73 A;+a3E« + . . . . (6.1) 



where we have used the lagrangian given in Ref. |Tj] and retained only the terms we will 
use in the calculation. 

The axial current in the chiral lagrangian is 



f+ = ^TTAT^A-^T+-gTrHHj^-f5 
2e^ 



+ ..., (6.2) 



where the ellipsis denotes higher derivative terms in the chiral lagrangian. The first term 
in the axial current is from the purely pionic sector of the chiral lagrangian, and is identical 
to that studied by Adkins, Nappi and Witten 0], and the constants D and e are defined 
in their paper.! The second term is the axial current of the H field from Eq. ( |2.11|) . In 
the heavy quark limit, E can be replaced by its value at the origin, —1. 
The two independent matrix elements that we will compute are 

3 (6.3) 



^ We have included the factor of 3/2 mentioned before Eq. (20) of Ref. [^] into the definition 
of the axial current. There is a correction to the expression for D given in Ref. Q because of the 
distortion of the shape function F in the presence of the H field. However, as mentioned in Sec. 3, 
this is a 1/Nc effect proportional to g, and we will neglect it. The distortion of F also changes the 
long distance behaviour of the soliton solution so that the Goldberger-Treiman relation is satisfied 
for the bound state. 



16 



using Eq. (|6.1| ). The same matrix elements computed using soliton heavy meson bound 
states wiU determine (72 and g^. The states we have constructed so far have omitted the 
spin of the heavy quark. To obtain the Ac state, we need to combine the heavy quark with 



the state |0 0))q, to obtain 



AcT)= |0 0))o|T)n, (6.4) 



where | )g denotes the heavy quark spin state. Similarly, the states are obtained by 
combining the heavy quark spin with the state |1 1))q, 



|EcT) = Vi 11 l«^3 = l))oli)Q- |1 1.,3 = 0))oIT)q. (6.5) 

The state has been chosen to be the state |1 1))q, which is the leading contribution in 
the large Nc limit. 

The matrix element of the first term in Eq. (|6.2|) uses the identity 



A Ui{g)\J:o)= 9 Uj{g) l^o), 

where A is the soliton collective coordinate, and Eq. ( |3.17] ). It is convenient to label the 
r matrices by the angular momentum indices ±1, 0, instead of the cartesian labels x, y, z. 
The relation between the two bases is = T(r^ ± iTy)/V2 and = T^. In the angular 
momentum basis, Eq. ( |3.17| ) becomes 

Tr Ar^A-V" = 2 (-1)^ D*JlI{A). 

The expression for the | ))^ states, Eq. ( |5.11J ) can be simplified for the case K = 0, 

\Ia sem))o = Vdh^ (-1)-^+- / dg D*}ll{g) Ui{g) |Eo) Ui{g) \K = 0} , (6.6) 

JSU{2) 

where we must have I = S£ since K = 0. Using this simplified expression for the states 
gives the matrix element 

o((/'a' s/m' |TrAr"A-V" \I a sim))^ = 2 

X Vdim/dim/' / dgDl^Il (g) D^jy, (g) D^P_^, [g) 

Jsu{2) (6.7) 



(-2) 



/ 


1 


::) 


(' 


1 


/' 


a 


s 




\^ m 


r 


m' 
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Thus we obtain the matrix element of the first term in Eq. ( |6.2|) , 

nD 

The second part of the axial current can be written in the form 



(E++T|i=^+|s,+ T> 
(A+T|/+|s°T> 



-gTTHHYl,r^ = -2gSlHlH. 
so that we need to evaluate the matrix element: 

o((/'a' s/m'\SlHlh \Ici sim))^ = Vdim/ dim/' (_i)/+m-7'-m' 



(6.9) 



Isi 



X / dg D<ll{g) D\::i^,{g) {K = 0| Uj{g-')S^ rUj{g) \K = 0} 

'S[/(2) 



dim/ 
dim/' 



(6.10) 



-1 



, I-\-m — l' —m' 



I 1 

a s 



{i^ = 0| 51^/^ = 0} 



/' 



/ 1 

-m p 



/' 



— m 



since 



^7,(^7-') ^Ih I!i Ui{g) = P D<'\g)sp. 



The operators 5''^ and /'^ are irreducible tensor operators under K with X = 1, so their 
product can have -ftT = 0, 1, 2. Only the K = part of 5''^ has a non-zero matrix element 
between K = states, so we can make the replacement 



{K = 0| S^.hIh \K = 0} ^^{-iy5p.r {K = 0| ■Ih\K = 0} 



1 



(6.11) 



since 2 Sih ■ Ih = Kjj — Ifj — Sf^ = —3/2. This allows the sum in Eq. ( |6.10| ) to be 
evaluated, 



o{{I'a's/^'\S^nias,n.)),^y^r ] 



r 



I 1 

m r 



I' 



m 



(6.12) 



The matrix element of j^^ is obtained by setting r = and s = -f in Eq. ( |6.12|) and 
multiplying by {—2g){—\^), since /+ = —\/2I^. This gives the matrix elements of the 
second term of Eq. (|6.2|) , 

(s++T|/+|s+T> 

(6.13) 

(Am/+is°T> ' 



9 



3v^' 



3^2' 
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Combining Eqs. ( |6.8| ) and ( |6.11|) , and comparing with Eq. (|6.ip , we get 

ttD g 3 g 
^2 = ^+ 2 ="2^^+ 2' 

nD g [3 g 



(6.14) 



''-~7^^~7E~n'^ x/6' 
since the axial couphng constant of the nucleon is 



ttD 

9A = (6.15) 



Using gA = 1.25, and setting g equal to its experimental upper bound [15] of 0.63, we get 



g2 = -1.6, g^ = 1.3 . (6.16) 



To all orders in the derivative expansion, the gA term has the form given in Eq. ( |6.2| ), 
where D is some functional of the shape function F. The value of D is normalised using 
the formula for gA in Eq. ( |6.15|) . The g term gets corrections from higher derivative terms 
in the effective action. These higher derivative terms retain the flavour structure of the 
leading term Tt HHa^r^ , but renormalise the coefficient so that it is no longer g. This 
renormalisation of g cancels in the ratio, so that we have the large A*",, prediction 

In addition, since g is formally of order A*"^ whereas gA is of order Nc, the leading Nc 
predictions for the values of g2 and gs are given by retaining only the gA term in Eq. ( |6.14|) , 
which leads to the model independent large A''^ prediction 

3 A3 
g2 = --gA = -1-9: g3 = d-gA = l-5- (6.18) 

The correction to Eq. (|6.18[ ) is of order 1/A^c relative to the leading term, and the correction 
to Eq. ( |6.17|) is of order l/N^ relative to the leading term. Using the value ( |6.16| ) for g^ 
along with the measured baryon masses gives the prediction 

2 I ~* |3 

r(E++ ^ A+7r+) = ~ 3.7MeV. (6.19) 

67r /2 

The couplings g2 and gs have also been computed in the constituent quark model, and the 
prediction for the decay width Eq. ( |6.19|) is between the values found in Ref. |jl^ for the 



naive quark model, and for the chiral quark model WE . 
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7. Baryons containing a Heavy Quark: The SU{3) Case 

It is straightforward to generalise the results of the previous section to the case of 
SU{3). The soliton in SU{3) has the form Eq. ( |3.2| ) where the isospin matrices form a 
subgroup of SU{3). The soliton is still invariant under K = I + S£. In addition, the 
Wess-Zumino term requires that the soliton have a definite hypercharge 00, 

3y|Eo) =iV,|Eo), (7.1) 

where we are interested in the case where the number of colours Nc = 3. The hypercharge 
generator is 

/1/3 
y= 1/3 
\ -2/3 

The soliton-g bound states can be obtained using the methods of the previous section. 
The q state transforms as a 3 under SU (3) and as a doublet under the spin of the light 
degrees of freedom. Under the SU{2) x U{1) subgroup, it decomposes into an isospin 
doublet with hypercharge —1, and an isospin singlet, with hypercharge 2. Thus we have q 
states with {K = 0, 1; 3Y = —1}, and {K = 1/2; 3Y = 2}. The energies are still given 
by Eq. ( |5.4| ), so that we have a tower of states with energy Vi/2 from the K = 1 states, 
energy —3Vi/2 from the K = states, and energy zero from the K = 1/2 states. The 
bound states can be computed by a procedure similar to that used in Sec. 5. The details 
are uninteresting, and the final result is that the allowed states are given by 



'SU{3) 

Ic se 



m 



K 
k' 



(7.2) 



/dimi?dims£ f , ^^(m, x 

y^U,(9)\U)Ui(<j) lA'*'} 
with the additional constraint that 

1; = 1e + 1k = 1 + 1k, (7.3) 

where Ic and Yc are the isospin and hypercharge of the SU{3) state c of the representation 
R, and Yk is the hypercharge of the q state with isospin K. Thus the allowed SU (3) 
representations for a spin si state are those which contain an element with isospin / and 
hypercharge Y such that 

(a) / = s,, 3Y = 2, 

(6) 1 C / Os^, 3y = 2, (7.4) 
(c) \ c I® S£, 3Y = 5, 
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so that the Clebsch-Gordan coefficient in Eq. ( [7 .21) does not vanish, and the hypercharge 
constraint is satisfied. Cases (a)-(c) are from the {K = 0, 3Yk = —1}, {K = 1, 3Yk = 
—1}, and {K = 1/2, 3Yk = 2} states of q respectively. The usual soliton quantisation 
condition for SU{3) {i.e. with no heavy meson fields) is obtained by omitting the q state, 
i.e. using {K = 0,Yk = 0}, and is that R must contain a state with I — si and with 
F = 1. 

To classify the allowed states, we need to find the decomposition of irreducible tensors 
of SU{3) into the SU{2) x U{1) subgroup generated by isospin and hypercharge. An 
irreducible SU{3) representation (m, n) is a traceless tensor which is completely symmetric 
in m upper and n lower indices, and has dimension 

V / N (m + l)(n + l)(m + n + 2) _ , 
dim (m,n) = -^ (7.5) 

If [m, n] denotes the (reducible) tensor which is completely symmetric in its upper and lower 
indices, then the representations in (m, n) are those in [m, n] [m — 1, n — 1], because the 
trace of [m, n] is the tensor [m — 1, n — 1]. It is much simpler to compute the decomposition 
of [m, n] because we do not have the constraint that the tensor has zero trace. The tensor 
[m, n] under the SU{2) x U{1) subgroup decomposes into the sum 

m n 

^ ^ [m-k,n- r]3Y=m-n-3k+3r, (7.6) 
k=0 r=0 

where the term [m — /c, n — r] is obtained by setting r upper and k lower indices equal to 
3. The remaining m — k upper and n — r lower indices can have values 1,2. The tensor 
[m — k,n — r] is symmetric on m — k upper and n — r lower indices, and is the reducible 
representation given by the tensor product of the representations 21 = m — k and 21 = n — r 
of SU{2). By subtracting the decomposition of [m — 1, n — 1] from [m, n], one obtains the 
decomposition 

n—l f \ II I 

.SU(2)-s--^ \ \m — r\ \m — r\ m + r 

(m,n) 2^ <^ , — + 1,...,^— 

L ^ ^ ^ J Y=m+2n-3r 

V / |n-r| |n-r| n + r \ 

^—0 ^ ^ Y = — n — 2m+6r 

m + n 
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+ 1, 



Y=m,—n 



The soliton heavy meson bound states are now constructed in two different ways. We 
first construct the states by tensoring the soliton states with the q states. These states 
are the generalisation of the |/ se;R) states of Sec. 3. We then construct the bound states 
directly using Eq. (|7.2|) . The states obtained by this method are the generalisation of 
the \I S£))j^ states of Sec. 5. The soliton states have I = sg and Y = 1. The lowest 
representations are 8 = (1,1) with Si = 1/2, 10 = (3,0) with sg = 3/2, 27 = (2,2) with 
se = 1/2, 3/2, 35 = (4, 1) with sg = 3/2, 5/2, 10 = (0, 3) with sg = 1/2, etc. The tensor 
product of the soliton with q can be computed using the formula 

(m, n) (g) (0, 1) = (m, n + 1) © (m + 1, n - 1) © (m - 1, n). (7.8) 

Thus the lowest soliton heavy meson bound states are: 8 (8) 3 = (1, 1) © (0, 1) = (1, 2) © 
(2, 0) © (0, 1) = 15 © 6 © 3, and have light-spin = 0, 1; 10 © 3 = (3, 0) © (0, 1) = 
(3, 1) © (2, 0) = 24 © 6 and have light-spin sg = 1, 2, etc. The quark model states are the 
3 = (0, 3) with Sg = and the 6 = (2, 0) with sg = 1. The other states are exotics. When 
combined with the heavy quark Q = c, the 3 gives the multiplet S[!, A+ } with 

spin- 1/2, and the 6 gives themultiplets {E++, E+, E^, S+, S^o, 0° } with spin- 1/2 and 
{E:++, Ef, E'*+, } with spin-3/2. 

To determine the energies of the states, we need to classify them according to their 
values of K using the allowed states given in Eq. ( |7.4| ). We will discuss only the 3 = (0, 1) 
and 6 = (2, 0) states here. The state 3 = (0, 1) with sg = arises from using rule (a) 
for the K = 0, 3Y = 2 state in q and has energy — 3Vi/2, and the state 3 = (0, 1) with 
Sg = 1 arises from using rule (6) for the K = 1, 3Y = 2 state in q and has energy Vi/2. 
These states are unique, and so must correspond to the states obtained by tensoring the 
8 = (1, 1) soliton states with q, i.e. 

|3 0;8)= |3 0))q, |3 1;8)= |3 l))^ . (7.9) 

The states 6 = (2, 0) with sg = 2, 1, arises from using rule (6) for the K = 1, 3Y = 2 
state in q and have energy Vi/2. A state 6 = (2,0) with sg = 1 arises from using rule 
(a) for the K = 0, 3Y = 2 state in q and has energy — 3Vi/2. The 6 = (2, 0) states with 
Sg = 1, |61))q ^ must be linear combinations of the states |6 1; 8) and |6 1; 10) obtained by 
tensoring 8 = (1, 1) and 10 = (3, 0) with q respectively. We need to find the transformation 
relating the two sets of basis states (analogous to Eq. ( |3.23| )) to determine the energies of 
the 6 states including the 10 — 8 mass splitting. 
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The straightforward way to determine the hnear combinations is to compute the in- 



teraction hamiltonian for SU{3). The result is essentially identical to Eq. ( |3.21J ) with the 
SU (2) 6j-symbol for isospin replaced by the corresponding SU (3) 6j-symbol, and with 
the adjoint representation 1 of SU{2) replaced by the adjoint representation 8 of SU{3). 
The labels R, R' in the SU{2) 6j-symbol for spin refer to the isospin of the states in the 
SU{3) representation that satisfy the hypercharge constraint. The SU{?>) 6j-symbols are 
complicated, and have four additional labels because there can be more than one singlet 
in the tensor product of three SU (3) representations. 

Instead of doing this, we will determine the linear combinations for the 6 by a different 
method. Let us consider the state 16 l))n which can be written as the linear combination 



|6 = a|6 1;8) +/3|6 1; 10) . 



(7.10) 



The ratio a/ (3 is determined by making the right hand side an eigenstate of K with 
eigenvalue zero. The algebra is relegated to Appendix A. The result is that we get the 
same linear combination for 5't/(3) as we did for SU{2) in Eq. ( p.23|) . Thus the hamiltonian 
Eq. (|4.1|) is the hamiltonian for the 6 of SU{3), where AM is now the 10—8 mass difference, 
and the mass formula Eq. ( [4.4| ) now gives the 6 — 3 mass difference. 

The baryon-meson couplings in SU{3) are easily determined from the results of Sec. 6; 
the only difference is that we replace Eqs. (|6.7|) and ( |6.12|) by the corresponding SU (3) 
expressions 



;-2) 
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(7.11) 



and 



o{{R'a' se.'m'\ST |/a s^m))^ 



1 /dimi? 
4 V dimi?' 

where the states h and h' have I = S£ (s^), = m {m' 



R 

a 



R' 

a' 



R 

h 



R' 

h' 



(7.12) 



and ?>Y = 2, the factors on the right 
are SU (3) Clebsch-Gordan coefficients, and the dimensions are those of the SU (3) represen- 
tations. The Clebsch-Gordan coefficients are evaluated in terms of SU{2) Clebsch-Gordan 
coefficients and the appropriate isoscalar factors. Using the tensor methods discussed in 
Appendix A, we find the isoscalar factors 
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(7.13) 



This gives 

9 3 

92 ^ 3A + —9, 

15 1 

compared to the SU{2) prediction ( |6.14|) .B The ratio of the couphngs is 

92, 5' 



(7.14) 



(7.15) 



for ^t/(3), and differs from the SU{2) prediction of Eq. ( |6T7|) by the factor ^2A/2h = 0.98. 
The Skyrme model predictions for the couphngs are different for SU{2) and SU{?>). This 
is a generic feature which is a pecuharity of the Skyrme model. It arises because the SU{?>) 
Clebsch-Gordan coefficients used are those for the baryon representations for = 3 rather 
than those for the true large N^. baryon representations which are Young tableaux with A''^ 
boxes 0. If we had used the true large Nc Clebsch-Gordan coefficients (and retained only 
the leading term as Nc oo), we would have obtained the same results for SU{2) and 
for SU{3). A simple way to see this is to note that the quark model results in the large 
Nc limit have the same group theoretic structure as the Skyrme model [0, and that the 
quark model results for baryons with no strange quark are obviously the same for SU{2) 
and SU{?,). 
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Appendix A. Determining K Eigenstates for SU{?>) 
The state 

|6 l))o = a|6 1;8)+/3|6 1;10), (A.l) 



''' Note that the relation between D and qa given in Eq. ( |6.15| ) is also modified by SU{?>) 
isoscalar factors. 
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discussed in Eq. (|7.10D was defined to be an eigenstate of K with eigenvalue 0. In this 
appendix, we determine the ratio oi a/ (3 for which this is true. The state can be written 

as 



|6 c 1 m))^ = a 
in terms of the sohton states 
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|8a \n) \hp} 
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(A.2) 



1 10 a' In') \h'p'}. 



and the q states | }. The normahsed sohton states are 



\Ra stm) = Vdh^l^R (-1)-^+- f dg Dlf\g) U{g) |Eo) (A.3) 

JSU{3) 

where the index d is a, state with / = S£, Is = —m and F = 1 0. The eigenvalues of 
K are defined for the q state when the soliton is in the state |So)- Thus we only need to 
consider the soliton wavefunction Eq. (|A.3|) when g = 1, so that D*ad^ {g) 
this substitution, one obtains 
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|6 1))o- aV8(-l)W 
+ /3yiO (-1)3/2W 
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(A.4) 



A,-n' 

where 5 ad has restricted the sum over a to states with Y = 1 and / = 1/2, and the sum over 
a' to states with Y = 1 and 7 = 3/2. The 3 decomposes under S"?/ (2) into a doublet and a 
singlet, which we will call q and s respectively. The 6 decomposes into the representations 
/ = 1,1/2,0 which will be called qq, qs and ss respectively. The SU{3) Clebsch-Gordan 
coefficients in Eq. ( [A.4| ) can be written as the product of SU{3) iso-scalar factors times 
SU{2) Clebsch-Gordan coefficients. The non-zero isoscalar factors are K ®q ^ qq and 
A(g>^ qq. This restricts the index 6, b' to I = 1/2, 3Y = —1. Since the index 6, b' cannot 
have / = 0, we see that there is no amplitude for the right hand side of Eq. ([A.4|) to be 
in a X = 1/2 sector. We only need to ensure that it is orthogonal to the K = 1 sector. 
Rewriting the SU{3) Clebsch-Gordan coefficients in terms of isoscalar factors, we get 
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where r and r' are summed over 1,2. We rewrite the H states as hnear combinations of K 
states, 
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To ensure that the right hand side of Eq. (|A.5| ) is orthogonal to X = 1, the coefficient of 
l-ftT = 1 /c} must vanish. This requires that 



0=av^ (-1)1/2+ 



8 3 

K q 

X lEo 



6 

qq 



1 1 

2 2 

— n r 



1 1 

2 2 
77, p 



1 

m 



1 1 

2 2 

r p 



+ /3v/lO (-1)3/2+'^' 



10 3 

A q 



3 1 
2 2 

-n' r' 



3 1 
2 2 



1 

m 



(A.7) 



1 

A; 

6 

qq 

k 



The SU{2) Clebsch-Gordan coefficients on the right hand side can be evaluated in terms of 
6j-symbols. A simpler procedure is to pick the particular values k = 1, m = 1 and c = 0, 
for which the sums are trivial, and gives 
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The isoscalar factors can be easily evaluated by tensor methods. The Clebsch-Gordan 
coefficients for 8 ® 3 ^ 6 can be written as the SU{3) invariant combination 
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(A.9) 



in an obvious notation. To determine the normalisation constant Xi we can analyze the 
Clebsch-Gordan coefficients for 6^^, for which Eq. ( |A.9| ) gives 
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which determines x = l/"\/2 for an amplitude normalised to unity. The SU{'i) Clebsch- 
Gordan coefficient 



8 3 

K+ d 



6 

uu 



8 3 

K q 



6 

qq 



1 1 

2 2 

1 1 

2 2 



1 

71' 



(A.ll) 



26 



so that the isoscalar factor is 
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Similarly, one determines the isoscalar factor 
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using the normalised invariant combination 
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(A.14) 



Substituting in Eq. ( |A.8|) , we find that (3 = ^J2a^ which is precisely the linear combination 
obtained in eq. ( pj.23| ) for the state with i^T = 0. The orthogonal linear combination with 
a = — must be the K = 1 state, since that is the only other |6 1))^ state in the 
spectrum. 
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